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LINEAR ALGEBRA

PART 2 (INTRODUCTION TO LINEAR ALGEBRA [MATRICES])
BY SIYATHOKOZA NGEMA

Linear Equations in Matix Form

Any equation or inequality can be written in matrix notation by using what we call matrix multiplication

Example 3x+2y=5

Can be written as

s afs

(1x2) (2x1) (1x1) —dimensions (matrix sizes)

x
So, if we define A=[3 2], X= [y] B= [5] we obtain AX=B

Similarly, the simultaneous equations
5x,+2x, =10

4x1 - 3x2=1
. 5 2 ][*1]_[10
Can be written as [4 _3] [xz]—[ 1 ]
(2x2) (2x1) (2x1)— matrix sizes

And if we define A=[i _23] X = [;;] and B=[10]

1

we get AX=B

We can use the same idea for any number of equations

Now let show how this idea can be useful given

x+2y=1

x+3y=3

so, we want to solve for x and y using the same idea | have just presented

consider [i g] [;c,] = [;] i.e. AX=B we want to find X

if the RHS of the equation is premultiplied by the inverse of A, A~1,then the LHS must also be premultiplied by A~ to
maintain a ‘ balanced’ equation A1AX=A"1B

now we know that the product of a matrix and its inverse is the identity matrix

~AT1AX=A47'B >IX=A"'B
Now important we must know that multiplying a matrix by the identity does not change the matrix
~IX=A"'B

-X=A"'B

Thus we can conclude that we have found a way of finding the vector of unknowns i.e. we can obtain X.

What we need to do is to premultiply vector B (i.e. the RHS of the original equations by the inverse of the matrix of
coefficients from the LHS of the original equations

Now it time to prove that this does indeed work.

NB
1. You could do this graphically or by substitution/Elimination without much
trouble but let say there were 10,20... n equations to solve-your existing
techniques would indeed be tedious! using matrix algebra we can find a
simple technique which can easily be programmed for the computer so that
the number of equations become irrelevant so power to matrix algebra
and the mathematicians who invented it
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Example 2

using substitution or any other technique you know.
Solution: subtract equation 1 from equation 2
—>y=2
And substituting in 1 for y and the solving for x
If y=2, x+2y=1 gives

X+4=1
s x=-3

Now using matrix algebra to solve the equations in example 2 above.

A=E ;] Is A‘1=[_31 _12]
If X=A"1B

5 TG

(2X2)  (2X1)

Same 2=2 . product defined then the result will be the outer dimensions (2x 1)

3x1+ -2x3)] [—
So X= ((—1X>< 1++ 1 ><X3 ))] al 23]
[;] =[_23] ~ x=—3 andy=2

So to check the solution substitute in each of the original equations

Exercise 1

1. Write each of the following set of simultaneous equations in matrix form.(define all matrices and vectors)

(a) —4x+3y =8 (b) —x —2y+3z=-4
3x—2y=12 y—2=6
2x—y—2z=2

2.Now use matrix algebra to find the solution to each set of equations [hint: use  the inverses you found in example
2]

SOLUTION OF A SYSTEM OF LINEAR EQUATIONS BY ROW REDUCTION [GAUSS-
JORDAN TECHNIQUE]

Before moving on to find the inverse of a matrix we need to introduce the Gauss-Jordan or row reduction technique for solving a
system of linear equation as we will use this technique to find the inverse of matrices

We’ll demonstrate the technique with a small system of two equations.

> [i _11] [;]:[g] In matrix notation
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= [2 -1 g] Augmented matrix
-1 1 sg] Rio R2

3 : _3 5] Applying changes to row two[R2-2R1]

[ 11 : g] Applying changes to row two again [-;RZ]
[_1 01 : _54]Applying changes to row one [R2-R1]

0 : é] Applying changes to row one [-R1]

1
=4 and y=5

U

So augmented matrix just saves us carrying x’s and y’s through the manipulations.

TYPES OF ROW OPERATIONS

1.DIVISION OR MULTIPLY A ROW BY NUMBER OTHER THAN ZERO
2.SUBTRACT OR ADD A MUTIPLE OF ONE ROW FROM ANOTHER
3.EXCHANGE TWO ROWS

To keep track of all the row operations

e We label each row of the augmented matrix starting with the top row as R1
e We note the actual row operation that has been performed

So lets now do a 3x3 matrix example

So given

3x+4y+22=17........ ®
-X+2y+2=6.......D

Solution:

)
w
N oA

17 x 6
2 [y] = |17 | matrix notation
1l Ltz 6

1 6
2 117

1 6
1 6
-1 i -1
2 12
6
-1 17
5 15

augmented matrix

U
w
(RN

Apply changes to row two R2-3R1 then row three R1+R2

Apply changes to row three R3-3R2

SRR Wk R
[y

1 1 1 6
01 -1 : -1
0 O 1 3

1
> Apply changes to row three—R3

5

6
P2
1 3

-1 0 -1 -4
=

Apply changes to row two R2+R3

U
—
(=2
O ==
OP-\

0 1 0 : 2
0o 0 1 3

Apply changes to row one R2-R1
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-1 0 O -1
= [ 0 1 0 : 2| Applychangestorow one again R1+R3
0 0 1 3
1.0 O 1
=0 1 0 : 2| Applychangestorow one again-R1
0 0 1 3

x=1 & y=2 then z=3

Exercise 2

1.solve each of the following system of equations using the Gauss-Jordan row reduction

technique
(a) -4x+3y=8 (b) -x-2y+3z=-4
3x-2y=12 y-z=6

2x+y-22=2
[note you solved these in exercise 1 using x=4"1B ]

2.use the Gauss-Jordan row reduction technique to solve the following

(a) x-y+ z=3 (b) -x+2y+32=10
2x+3y-4z=9 3x-2y+z=-16
-X+2y-z=0 -2x-y-42=5
(c) x +y +z=1 (d) 2x-y=7
2x -y+4z=-2 -X+2y=-5
-x+3y-3z=-7

Please attempt these problems and apply direct substitution after you have found the values of x, y, z to

check your solution; remember practice makes perfect. By the time you stay longer with the problem the
better you understand it. Now we will do the inverses of matrix
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SOLUTION OF LINEAR EQUATIONS USING THE INVERSE OF THE MATRICES

One ways of finding the inverse is to use the Gauss-Jordan technique you have recently mastered.

NB
If B is the inverse of A then AB=| ,Let say Aiis (2X2) then Bis (2X2) and lis I,

i.e [all alz][bu bﬂ]:[l 0
T lazy axallby,y byl 01

then since B is the inverse of A, we must find the values of by , b1, byq, by this is similar to finding x and y when we
solved

Example
Find the inverse of the matrix A=[; ;]

Solution: we know that AA~ =],

Form [A : I,]
11 .10
:>[3 5 ‘o 1 ]RIANDRZ
11 .1 0
= [ o -1 i3 1 ] APPLY CHANGES TO ROW TWO [ R2-3R1]
. [(1) 2 : _32 _11 ] APPLY CHANGES TO ROW ONE [R1+R2] THEN APPLY CHANGES TO ROW TWO R2x(-1)

LHS Of augmented matrix has been reduced to I, so RHS of augmented matrix gives A~1,the inverse of A

kP

Check solution by showing AA~1=I, or A~'4=I,

we=fb 2 4]

3 2113 -1

[AXx-24+1x3) (Ax1+1x-1) ]
I3x-242x3) (Bx1+2x -1)

fo 1l

EXAMPLE 2
2u+3v-2w=5
2u+v+w=11
3u+2v-3w=0

Solution:

2 3 -2 u 5
AX=B whereA=|2 1 1 ,X=[V] and B=(11
3 2 -3 w 0
If AX=B
X = A_lB
2 3 -2 100
[A:I3]=/2 1 1 :0 1 0]|R1,R2and R3 respectively
3 2 -3 001
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1 2 -1 2 00
=10 -2 3 :—1 1 O0]Applychanges torow one[R1/2], Apply changes to row
0 -2 0 -2 01
2 2
two

[ R2-2R1] then Apply changes to row three [R3-3R1]

1 -1

3.

0 o0

= N|W

=10

—3 ! 2
o o 21 3y

to row three [R3+§R2 ]

N =N =

0 |Apply changes to row two [R2/(-2)] then Apply changes

7 1 _ 4

1 2 g 3 3 15
=10 i 05% 0 —% Apply changes to row one [R1+R3] ,Apply changes to row

0 00 L 1t _4

15 3 15

two [R2+% R3] then Apply changes to row three [R3X(- 14—5)

1

3

W=

—% Apply change two row one [R1 -%RZ ]

4
15

SO M
o m o
(== =)

|HU1|UJ
Wik © Wl

-
(52

Now the LHS of augmented matrix is I3, so the RHS must be A1 ,/Assuming we’ve
made no errors ! before proceeding to find X, let check that the A~1is correct by
showing AA~1=I,

1 1 2 .9 6 8

2 3 —21|73 3 (=3+37% G+0-9 G5+
=l 1|20 ieieh Grosh E-i-p
3 2 -3lj1 1 4 4 4,4
s 3 EJ[ (1—§+-) (1+0-1) (1-c+7)]

1 0 0
=0 1 0|=I3
0 0 1

Thus we know A1 is correct.
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11 1 5 11
3 3 3 5 (- st3+ 0) 9
~ A71B= % 0 —% [11]= (3+0+0) =[3
1 1 4|LO 1.1 4
T 3 “x (3 + 3 +0
(3X3) (3X1) [ Same inner dimensions therefore product defined]
LuU=2; v=3 and w=4

which is like the solution we obtain earlier. In my research Inverses of matrices have
a=wide application in mathematics (not just for solving simple linear systems) so |
suppose you spend some time on this section before proceeding. Make sure you do all
the exercises

Exercise 3

1.Solve this set of simultaneous equations using the inverses of the matrix of
coefficients

X +2y+3z=6
2x+4y+5z=9
3x+5y+6z =1

2. verify your solution please

3. For each problem in Exercise 2, Find the inverse of coefficients, A . check your
inverse by showing

AA~1=|
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Determinants of a Square Matrix

Before | end this document | wanted to introduce you to a characteristic of a square
matrix called the determinant . If a square matrix has a determinant which is zero ,it
will not have an Inverse.so before doing the work to find the inverse of a matrixit is

good idea to check if the determinant of a matrix is non zero, there are several
methods for finding the determinant of a matrix. We will use the following method.

Example

If Ais a (2X2) matrix

. Q11 Qg2 : .

i.e. A=[a21 ass now most importantly we have to follow the matrix rule whenever we

_|_ —_
dealing with determinants the rule state that [_ +] which means the plus and minus

signs must alternate along the each row and column so
the determinant of A i.e. det(A)= ay1a22 — a12a71

More examples
So let get started if A=[_31 _12] ,find the determinant of A, will A have an inverse ?

Solution:

Det(A)=(3x 1) —(-2x-1)
=3-2
=1

~as det(A) is non zero ( hot equals to zero), A will have an inverse .so this matrixis
invertible

Example 2[ 3X3]

a1 Q12 QA3 + - +
i.e.A=|(Q21 Qz; Aaz3| NBA=|— + -—
Az, dasz; dasg + - +

Azp dz3 Qz1 Qz3 az1 Qzp

SO det(A)=a | - | a |

(A)=as asz; ass 12]laz; azs Blaz; as;
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Now let try and apply
2 3 =2

IfA=|2 1 1 ], find the determinant of A.will A have an inverse ?
3 2 -3

Det (A)=2x |; —13| —Ax |§ —13|+(_2) |§ ;
Now use method for (2X2) matrix to workout the determinants of the (2X2) matrices
Det(A)=2(1x-3-1x2)-3(2x —3 —1x 3)—2(2x2—1x3)

=—10+27-2

=15

. asthe det(A)is non zero,A will have an inverse

Exercise 4

1. Find the determinants to determine which of the following matrices have an

inverse.
1 3 -2
0 2
(a)[0 3 (b)[z -1 1]
3 2 -1
2 3 -1 0 4 6 3
(© [1 1 1] @1z 7 -1 5] [ to test if you really
3 -4 5 4 2 -31

get the concept of determinants

Thank you!, I’m glad if you found this document helpful,
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